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ABSTRACT 


The  first  part  of  this  study  develops  the  relation  between  the  re¬ 
quired  drive  torque  and  the  load  torque  in  a  lightly  loaded,  single  gear 
mesh,  considering  Coulomb  friction  between  the  sliding  tooth  surfaces. 
Bearing  and  windage  losses  are  not  considered.  All  of  the  load  is  as¬ 
sumed  to  be  carried  on  a  single  pair  of  teeth,  since  for  lightly  loaded 
gears  elastic  deflections  will  be  smaller  than  tooth-to-tooth  errors,  so 
that  a  single  pair  of  teeth  may  carry  the  load  regardless  of  the  theoret¬ 
ical  contact  ratio.  The  use  of  "efficiency"  formulas  given  in  the  litera¬ 
ture  usually  gives  low  values  for  starting  torque  requirements. 

The  second  part  of  the  study  extends  the  equations  to  a  four-square 
gear  train  as  representative  of  preloaded  split  gear  trains,  where  fric¬ 
tion  losses  are  relatively  greater  than  in  simple  trains.  It  is  demon¬ 
strated  that  the  maximum  possible  friction  loss  for  a  given  four-square 
gear  train  would  occur  when  and  if  the  two  gear  meshes  simultaneously 
begin  approach  action.  It  is  also  demonstrated  that  the  friction  loss  for 
a  gear  train  using  spring-loaded  split  gears  cannot  exceed  values  cal¬ 
culated  on  the  assumption  that  one  mesh  begins  approach  action  while 
the  other  mesh  terminates  recess  action. 
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ANALYSIS  OF  FRICTION  TORQUE  IN  SIMPLE 
AND  PRELOADED  SPUR  GEAR  TRAINS 


INTRODUCTION 

The  well-known  analyses  of  the  efficiency  of  a  gear  mesh  published  by  Buckingham 
(1),  Merritt  (2),  Shipley  (3-5),  and  Tso  (6)  are  primarily  concerned  with  power  losses. 

In  this  report,  attention  will  be  directed  toward  gear  trains  for  data  transmission  and 
other  uses  where  loads  are  light,  and  power  loss,  per  se,  is  of  minor  importance.  De¬ 
signers  of  gear  trains  for  data  transmission,  instruments,  small  servomechanisms,  etc., 
are  concerned  with  starting  torque,  since  this  directly  affects  spring-loading  or  bias 
requirements,  and  may  often  be  the  major  load  on  a  mechanical  system.  The  use  of 
standard  formulas  for  friction  power  losses  usually  gives  overoptimistic  estimates  of 
the  starting  torque  requirements  for  gear  trains. 

The  first  part  of  this  report  will  develop  the  friction  torque  relations  in  a  single, 
lightly  loaded  gear  mesh,  with  an  effort  to  promote  a  clear  understanding  of  the  physical 
relationships.  The  second  part  extends  the  results  to  preloaded  gear  trains.  It  will  be 
seen  that  torque  required  to  overcome  gear  friction  varies  as  gears  rotate  in  mesh.  The 
worst  possible  cases  for  friction  will  be  emphasized  throughout  this  paper,  since  design 
will  usually  have  to  provide  for  starting  in  just  such  a  position.  The  symbols  used  follow 
Buckingham's  notation  so  far  as  convenient. 


FRICTION  TORQUE  IN  A  SINGLE  GEAR  MESH 
AS  FOUND  IN  A  SIMPLE  GEAR  TRAIN 

Approach  Action 

Figure  1  shows  a  single  gear  mesh  with  the  upper  gear  turning  clockwise  to  drive  a 
follower.  The  subscript  l  is  used  on  the  symbols  referring  to  the  driver,  and  the  sub¬ 
script  2  on  the  symbols  referring  to  the  follower.  The  subscript  a  refers  to  approach 
action,  with  the  point  of  contact  approaching  P  along  VZ.  The  symbols  are  as  follows: 

itbl  -  radius  of  base  circle  of  driver  (in.) 

ilb2  =  radius  of  base  circle  of  follower  (in.) 

vz  =  the  path  of  contact,  of  the  gear  mesh,  with  r  the  point  of  first  contact  and  Z 
the  point  of  last  contact 

V. V  =  a  common  tangent  between  the  base  circles 
4>  =  the  pressure  angle  of  the  basic  rack 
/{o\  =  radius  to  tip  of  tooth  of  driver  (in.) 

/l'o2  =  radius  to  tip  of  follower  (in.) 

/  =  coefficient  of  friction 
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H'n  =  normal  tooth  load  (lb) 

Lal  =  lever  arm  of  friction  force  acting  on  driver 
during  approach  (in.) 

La2  =  lever  arm  of  friction  force  acting  on  follower 
during  approach  (in.) 

Tal  =  Torque  exerted  by  driver  during  approach 
(in. -lb) 

Ta2  =  Torque  exerted  on  follower  during  approach 
(in. -lb) 

m  =  gear  ratio  =  Ar,/A', . 

The  assumptions  are  as  follows: 

1.  The  teeth  are  involute  form. 

2.  The  friction  force  acts  to  oppose  relative 

sliding  between  gear  surfaces. 


Fig.  1  -  Single  gear  mesh 
during  approach  action  (point 
of  contact  approaching  P 
along  VX) 


3.  The  magnitude  of  the  friction  force  is  pro¬ 
portional  to  the  normal  tooth  force  \\'n  and  is  inde¬ 
pendent  of  the  sliding  velocity  except  as  noted. 


4.  The  mesh  is  "lightly  loaded."  This  means 
that  elastic  deflections  will  be  smaller  than  the 
tooth-to-tooth  errors.  A  corollary  of  this  assump¬ 
tion,  then,  is  that  a  single  tooth  may  carry  the  entire  load  on  the  gear  mesh  regardless 
of  the  theoretical  contact  ratio. 


With  the  teeth  meshing  in  the  approach  position  shown,  the  normal  force  it'H  opposes 
the  rotation  of  the  driver,  while  the  frictional  force  f\vn  exerts  a  moment  in  the  direction 
of  rotation.  That  is, 


Li  =  -  n-aO 


(1) 


A  free-body  diagram  of  the  driver  is  shown 
in  Fig.  2. 


Similarly,  the  normal  force  and  the  friction 
force  on  the  follower  tooth  af  dy  opposing  torques 
during  the  approach  action  of  the  tooth.  Equating 
these  torques  to  the  external  load  torque  on  the 
follower,  we  obtain 


r«2  --  -  /»;,  v,  =  K„(Kb ,  -  fi'a2)  ■ 

Then,  from  Eqs.  (1)  and  (2),  we  obtain 

1_  a  I  _  ^b_ l  ~  [_  I'a  1 
^02  ^ b-2  ~  f^a  2 


(2) 

(3) 


Fig.  2  -  Free-body  diagram  of 
the  driver  gear  during  approach 
action 


Maximum  friction  torque  is  our  main  concern. 
For  a  given  gear  ratio,  this  means  maximum  ratio 
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of  driver  torque  to  follower  torque.  Since  the  coefficient  /  is  being  treated  as  a  constant 
(assumption  3),  the  right-hand  side  of  Eq.  (3)  will  be  maximum  when  Lal  is  a  minimum 
and  La2  a  maximum.  These  conditions  occur  simultaneously  at  the  beginning  of  the  ap¬ 
proach  motion,  at  point  V  in  Fig.  1. 

By  inspection  of  Fig.  1 


2 


=  xr  =  J¥0 7-  « 


6  2 


(4) 


Lal  =  LV  =  UX  -  AT  =  (Rx  +  ffj)  sin  <t>  -  -  Rl2  ■  (5) 

min 

The  maximum  torque  ratio  may  be  found  by  using  Eqs.  (4)  and  (5)  in  Eq.  (3). 

If  torque  efficiency  is  defined  as  the  ratio  of  the  actual  output  torque  to  that  which 
would  be  obtained  with  zero  friction,  we  have 


eff  i 


c  i  e  n  c  y  = 


a  2 


*6  2  ”  f  f'a  3 


mTol  "  m(Rbx-  fLax) 


(6) 


Let  Tf ,  and  T,  2  be  the  friction  torque,  that  is,  the  torque  loss  referred  to  driver 
and  to  follower  speed,  respectively: 


T/2  ~  m ^ a  1  “  Ta2 


Tn  - 


^2  T,2 


(7) 


Using  Eq.  (3),  we  obtain 


Tf  2  =  T<n 


(  *62 


*62  -  fLa: 


(8) 


A  more  compact  expression  for  Tf  2  can  be  obtained  in  terms  of  ii'n  by  using  Eqs.  (1) 
and  (2)  in  Eq.  (7): 


Tf  2  -  f^n^Ta2~mLai)  . 

Maximum  friction  torque  is  obtained  by  using  Eqs.  (4)  and  (5): 

7/2  =  f^’n(m+\)S 

where  S  -  Jh q2  -  H2h2  -  it2  sin  </>  =  length  of  path  of  approach  vr. 


Recess  Action 

Equations  (1)  through  (3)  apply  only  to  approach  action.  Recess  action  will  now  be 
considered.  The  gear  mesh  of  Fig.  1  is  shown  rotated  to  a  position  of  recess  action  in 
Fig.  3.  A  free-body  diagram  of  the  driver  is  shown  in  Fig.  4  (neglecting  bearing  reac¬ 
tions).  Note  that  the  direction  of  the  friction  force  is  reversed  from  its  direction  during 
approach.  Again  we  equate  the  moments  of  the  forces  acting  on  the  teeth  to  the  external 
torque  on  the  respective  gears: 
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Fig.  3  -  Single  gear  mesh  during  re¬ 
cess  action  {point  of  contact  receding 
from  P  along  VZ ) 


Fig.  4  -  Free-body  diagram 
of  the  driver  gear  during 
recess  action 


Trl  =  Wn(ltbi  +fLri)  (9) 

Tri  =  »'n  (Hb2  +  fLr2)  (10) 


T 

1  r  l 

*6, 

+  l 

T 

1  r  2 

'  h 2 

+  fl'r  2 

(U) 


Maximum  friction  torque,  which  implies  maximum  ratio  of  Trl  to  Tr2  is  still  our 
main  concern.  Again  considering  f  a  constant,  the  maximum  value  of  TrX/T  will  cor¬ 
respond  to  a  maximum  value  for  Lrl  and  a  minimum  for  Lr2.  It  can  be  seen  from  Fig.  3 
that  these  conditions  occur  simultaneously  at  point  z,  the  terminal  point  of  recess  action. 
At  this  point, 
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Comparison  of  Friction  Torques  in  Approach  and  Recess  Action 

For  ordinary  values  of  /,  namely,  from  zero  to  0.4,  Eq.  (3)  gives  a  larger  answer 
than  Eq.  (11).  This  means  that,  for  a  given  value  of  /,  the  maximum  torque  required  to 
overcome  friction  is  somewhat  greater  in  approach  action  than  in  recess  action.  If  the 
value  of  /  is  actually  greater  during  approach  than  during  recess,  as  Buckingham  (1) 
stated,  the  difference  in  torque  is  even  greater  than  indicated  by  the  comparison  of  these 
equations. 

Inspection  of  Eq.  (3)  or  Fig.  1  reveals  that  for  a  sufficiently  high  value  of  /,  namely 
rb  2/La2,  the  follower  gear  would  lock  up,  because  the  moment  exerted  by  the  normal  tooth 
force  would  be  opposed  by  an  equal  moment  exerted  by  the  friction  force  on  the  tooth. 
Needless  to  say,  such  high  values  of  f  would  not  be  expected  in  practice. 


Comment  on  the  Relation  of  Other  Published  Analyses 
to  This  Work 

The  relations  published  for  gear-mesh  power  efficiency  by  Buckingham  (1),  Merritt 
(2),  and  Shipley  (4)  differ  slightly  one  from  another  in  details.  Merritt  obtains  an  "in¬ 
stantaneous  efficiency”  by  reasoning  which  neglects  the  difference  between  approach  and 
recess  action.  This  is  essentially  the  same  quantity  called  "torque  efficiency"  herein, 
given  by  Eq.  (6).  Assuming  that  the  tooth  load  at  the  point  of  contact  is  constant,  Merritt 
then  integrates  along  the  path  or  contact  ( vz  in  Figs.  1  and  3)  to  obtain  overall  power  ef¬ 
ficiency.  Instead  of  making  Merritt's  physical  assumptions,  one  may  obtain  his  equation 
for  "instantaneous  efficiency"  from  Eq.  (6)  of  the  present  report  by  using  the  first  two 
terms  in  a  series  expansion  of  the  right-hand  side  and  then  neglecting  the  term  containing 
the  factor  / 2 . 

Buckingham  gives  an  analysis  which  he  credits  to  W.  H.  Clapp  wherein  the  total  work 
input  to  the  follower  is  determined.  The  work  efficiency  or  power  efficiency  is  then  the 
quotient  of  this  quantity  divided  by  the  work  input  to  the  driver.  Buckingham  stresses 
the  difference  between  approach  and  recess  action,  which  Merritt  considers  "negligible." 
The  relations  given  as  Eqs.  (3)  and  (11)  are  implicit  in  Buckingham's  work.  Shipley's 
analysis  is  similar  to  that  of  Merritt,  whose  work  he  lists  among  his  references.  Shipley's 
equations  are  given  in  the  authoritative  "Gear  Handbook"  (5).  If  any  of  the  "efficiency 
formulas"  mentioned  be  used  for  estimating  maximum  friction  torque,  the  result  obtained, 
for  a  given  value  of  /,  will  be  roughly  50  percent  of  the  maximum  values  obtained  using 
Eq.  (8).  This  occurs  because  the  calculation  of  work  or  power  loss  involves  integration 
of  triangular  areas  whose  maximum  altitude  is  proportional  to  the  maximum  friction 
torque. 

All  three  authors  assume,  in  effect,  that  each  cycle  of  tooth  engagement  corresponds 
to  the  passage  of  a  point  of  contact  from  end  to  end  of  the  line  of  contact  and  that  all  of 
the  load  is  carried  on  a  single  pair  of  teeth.  Tso  and  Prowell  (6)  work  out  more  general 
equations  for  friction  power  loss  and  efficiency  which  take  into  account  the  ideal  distribu¬ 
tion  of  load  between  teeth  for  any  contact  ratio.  Their  work  does  not  allow,  however,  for 
the  gearing  errors  which  affect  this  distribution,  namely,  tooth  spacing  or  pitch  varia¬ 
tion,  profile  error,  and  tooth  thickness  variation.  For  lightly  loaded  fine-pitch  gears,  it 
is  easily  shown  that  these  errors  are  large  compared  with  the  tooth  deflections  that  would 
serve  to  equalize  loads.  Thus,  the  assumption  that  all  of  the  load  is  carried  on  a  single 
pair  of  teeth  is  more  realistic  for  the  purposes  of  this  report. 
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FRICTION  TORQUE  IN  A  FOUR-SQUARE  GEAR  TRAIN 
REPRESENTATIVE  OF  BIASED,  SPLIT  GEAR  TRAINS 

The  four-square  gear  train  shown  in  Fig.  5  may  be  considered  the  basic  split  gear 
train.  It  consists  of  two  pairs  of  meshing  gears  having  the  same  size  and  ratio,  secured 
to  a  pair  of  parallel  shafts.  If  properly  assembled,  this  gear  train  may  be  used  to  divide 
a  transmitted  load  equally  between  two  gear  sets  acting  in  parallel.  On  the  other  hand, 


testing  gears  under  heavy  load  because 
be  sufficient  to  overcome  the  friction. 


the  gears  may  be  adjusted  to  share  the 
transmitted  load  unequally,  or  even  so  that 
the  gears  on  a  common  shaft  exert  oppos¬ 
ing  torques.  In  the  latter  cases  the  four 
gears  are  under  load  even  in  the  absence 
of  any  transmitted  load.  An  adjustable 
coupling  or  other  means  may  be  used  to 
establish  this  preloaded  condition.  Under 
preload,  the  four-square  train  is  useful  for 
drives  where  lost  motion  must  be  elimi¬ 
nated.  The  popular  "antibacklash  gearing" 
arrangement  which  uses  a  spring-loaded 
split  gear  meshed  with  a  single  pinion  can 
be  viewed  as  a  special  case  of  such  a  train, 
since  the  wide-faced  pinion  performs  the 
functions  of  the  two  pinions  shown  in  Fig.  5. 
The  four-square  train  is  also  useful  for 
drive  torque  input  to  the  train  need  only 


Since  friction  is  often  one  of  the  major  components  of  the  transmitted  load  in  pre- 
loaded  instrument  gear  trains,  an  analytical  method  is  needed  to  predict  friction  torque, 
so  that  the  proper  preload  may  be  selected  and  the  various  components  correctly  designed. 

In  the  analysis  of  the  gear  train  of  Fig.  5,  it  is  essential  to  observe  the  distinction 
between  driver  and  follower.  Suppose  that  a  driving  torque  will  be  applied  to  one  ;nd, 
e.g.,  the  left-hand  end,  of  the  upper  shaft.  This  shaft  is  thus  established  as  the  driving 
shaft.  If  the  gear  train  is  biased  so  as  to  act  as  an  effective  antibacklash  mesh,  that  is, 
with  bias  torque  greater  than  any  possible  load  torque,  then  only  one  of  the  gears  on  the 


Fig.  6  -  Free-body  diagram  of  the 
four-square  gear  train 


driver  shaft  functions  as  a  driver.  The 
other  is  driven  by  its  mating  gear  on  the 
"follower"  shaft  (lower  shaft  in  Fig.  5). 

This  is  demonstrated  by  reference  to  Fig. 

6,  which  is  a  set  of  free-body  diagrams 
arranged  as  an  exploded  view  of  the  gear 
train  of  Fig.  5.  Bearing  reactions  are  again 
neglected.  The  subscripts  A  and  B  will  be 
applied  to  quantities  related  to  the  left-hand 
pair  of  gears  and  the  right-hand  pair,  respec¬ 
tively.  The  torques  shown  in  Fig.  6  are  as 
follows: 

T  =  preload  torque  in  input,  that  is, 
driving  shaft; 

Tp0  =  preload  torque  in  output,  that  is, 
driven  shaft; 

7’,  =  input  torque; 

T0  =  load  torque  (opposing  motion). 
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Also  shown  in  Fig.  6  are  and  t*0  indicating  the  assumed  direction  of  rotation. 

The  preload  process  may  be  imagined  to  have  been  accomplished  as  follows: 

1.  The  right-hand  pair  of  gears  are  slipped  out  of  mesh,  by  moving  one  of  the  gears 
axially. 


2.  The  lower  gear,  l  z?,  is  held,  while  the  upper  gear,  26,  is  wound  up  in  a  clockwise 
direction. 

3.  The  gears  are  slipped  back  into  mesh. 

For  the  clockwise  rotation  6{  indicated  in  the  figure,  the  left-hand  upper  gear  is  a 
driver,  but  the  right-hand  upper  gear  is  a  follower.  As  before,  the  subscripts  i  and  2 
will  indicate  driver  and  follower,  respectively. 

It  has  been  seen  that  the  equations  of  torque  equilibrium  for  a  single  mesh  depend 
upon  whether  the  mesh  action  is  approach  or  recess  type.  For  the  four-square  gear  train 
we  then  have  three  cases:  both  meshes  in  approach  action,  one  mesh  in  approach  action 
and  other  mesh  in  recess  action,  and  both  meshes  in  recess  action.  The  conditions  under 
which  these  cases  occur  will  be  discussed  later. 


Both  Meshes  in  Approach  Action 


First  considering  the  case  of  both  meshes  in  approach  action,  the  equations  of  torque 
equilibrium  are  written  for  the  right-hand  plane,  designated  B,  using  .ne  same  reasoning 
used  for  Eqs.  (1)  and  (2): 


Tpi  =  ^'nB^bzB  ~  t  **  a  [1  l'a  2  B  '  WnB^lib2B  ~  f  l'mB) 
1po  ~  V,nB(  libiB  ~  ■ 

Similarly,  for  plane  A,  the  left-hand  plane, 

Ti  +  Tpi  =  WnaOtbiA-f^A) 

7o  +  7 po  =  Wna(ltbiA  |i  • 


(14) 

(15) 

(16) 
(17) 


We  will  solve  for  Tt ,  the  torque  necessary  to  drive  this  gear  train  in  the  direction 
shown: 


7i  -  11  I  (  !{h  |  -I  ~fI'a\0  ~  lln  B  1 11  b  2  B  ~  f  l'a  2  B>  ■ 


(18) 


But,  by  Eq.  (17) 


w 


ul 


and  by  Eq.  (15) 


Hence 


nB 


To  *  Tp0 
lib  2  I  ■ 


po 

11  h  i  n  i  Tn ,  a 


/77/M  .  -  fl'Ol  1 

).r 

J  P» 

11  h  \ 

{’>lB  ~ 

\ - 

N 

53 

\  ,{h  2  I  “  f  T(i  2  | 

L^.2.1 

-  tTllX 

{h  i  B 

tKui  J 

(19) 
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For  the  ordinary  four-square  gear  train  as  shown  in  Fig.  6,  assuming  all  gears  cut 
with  the  same  nominal  pressure  angle, 

Rb2B  =  RblA  an(*  ,{blB  =  l{biA- 


Then  r£  may  be  expressed  as 

T .  -  t  P  +  T  0 

*t  1  ol 

where 

P  _  ltb\A  ~  fl'alA 

*6  2/1  ~  I  2  A 

_  RblA  ~  f La  1 A  ,lblA  ~  fLQ2B 
Kb2A  ~  fLa2A  ^62/1  ~  f^a\B 


(20) 


(21) 

(22) 


This  equation  does  not  express  the  relation  between  the  parameters  in  a  way  easy  to 
visualize.  In  order  to  obtain  an  expression  easier  to  interpret,  each  of  the  quotients  in¬ 
dicated  in  Eq.  (22)  is  expressed  as  a  power  series.  Neglecting  the  third  term  and  higher 
terms  of  the  series,  and  collecting  terms,  a  new  expression  is  obtained: 


‘6  2/1 


‘6  2/1 


‘6  2/1 


La2B  ~  La\A  + 


m 


f  ^'a  2  B  ~  1 A  2/1-^J 

(23) 

^0  2/1^  1 

(24) 

‘6  2/1 


If  the  terms  multiplied  by  the  factor  f2  are  disregarded,  then,  if  the  gears  are  timed 
so  that  approach  action  begins  simultaneously  on  both  meshes,  (>n.lx  may  be  simplified  to 


Q 


ma  x 


‘6  2/1 


ma  x 


+  L 


aiB 


-  Cl)  s  i  n 


*] 


(25) 


where  CD  is  the  center  distance  of  the  gears  and  La2 ,  and  La2B  are  given  by  Eqs. 
(4)  and  (5). 


Q  will  be  maximum,  clearly,  if  La2A  and  La2B  simultaneously  reach  a  maximum. 
Whether  this  can  occur  will  depend  upo'n  the  relative  timing  of  the  gears  in  plane  A  and 
plane  B. 


One  Mesh  in  Approach  Action  and  the  Other  in  Recess  Action 

For  the  next  case,  it  will  be  assumed  that  the  gears  in  plane  A  are  in  approach  action 
while  those  in  plane  B  are  in  recess  action.  The  equations  of  torque  equilibrium  for 
plane  B  are  then  similar  to  Eqs.  (9)  and  (10),  bearrng  in  mind  that  in  plane  B  the  gear  on 
the  lower  shaft  is  the  driver.  On  gear  2li  we  have 

'  ^'nB1  Khl8  *  •  (26) 

On  gear  \n  we  have 


11  (  lib\B  +  ■ 


(27) 
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Using  Eq.  (16)  for  gear  i/1  we  have 

Ti  ~  WnA(RblA  ~  f^auO  ~  WnB(R!>2B  +  ’ 

Using  Eqs.  (17)  and  (27)  to  eliminate  H'n/I  and  wnB  from  Eq.  (28)  we  obtain 

T .  =  T  P  +  7*  O' 

ll  1  0*  lpo ^ 

where  P  is  given  by  Eq.  (21)  and 

O'  -  libXA  ~  ^al/l  _  Rf>lA  * 

Rb2A  ~  ^0  2/1  *62,1  +  f^rlB 

The  approximate  equation  for  Q'  is  obtained  in  the  same  way  as  Eq.  (24): 

f(L,r2B^nB~  ^a\A^a2,0~\ 

Rb2A  J 


?'  *  r—  -(Lau 
“6  2/}  L 


+  ^r2s)  + 


^02/1  +  ^r\B 


(28) 

(29) 


(30) 


(31) 


Both  Meshes  in  Recess  Action 

Similar  equations  can  be  obtained  for  the  case  where  both  meshes  are  simultaneously 
in  recess  action.  Since  the  driving  torque  must  be  greater  during  approach  action,  this 
case  is  less  important  and  will  accordingly  not  be  developed  here. 


Maximum  Driving  Torque 

Driving  torque  Tt  is  evidently  maximum  when  and  if  P  and  Q  or  Q'  simultaneously 
obtain  their  maximum  values.  The  conditions  for  maximum  of  the  term  P  were  given  in 
Eqs.  (4)  and  (5).  It  can  be  seen  that  maximum  Q  or  Q'  occurs  if  the  second  term  of  the 
right-hand  side  of  Eq.  (22)  or  Eq.  (30),  respectively,  is  minimum  when  P  is  maximum. 

Thus  for  the  case  of  both  meshes  in  approach  action  the  driving  torque  T{  would  have 
the  maximum  possible  value  if  and  when  la2A  and  La2B  simultaneously  have  maximum 
value.  This  situation  occurs  if  both  meshes  simultaneously  initiate  theii  approach  action. 
(Note  that  Laui  and  laxB  will  always  be  minimum  when  La2A  and  La2B  are  respectively  at 
maximum,  since  Lax+La2  =  cl)  sin  <£.)  The  appropriate  values  for  the  L  quantities  in 
Eqs.  (21)  and  (22)  are  given  by  Eqs.  (4)  and  (5). 

For  the  case  of  mesh  A  in  approach  action  and  mesh  B  in  recess  action  the  driving 
torque  T{  would  have  the  maximum  possible  value  if  and  when  La2A  and  LrxB  simultane¬ 
ously  have  maximum  value.  This  situation  occurs  when  mesh  A  begins  approach  action 
and,  simultaneously,  mesh  R  terminates  recess  action. _(Note  that  Lr2B  will  automatically 
be  minimum  when  lrxB  is  maximum,  since  /,rI  +  Lr2  =  CD  sin  <£.)  The  appropriate  values 
for  the  L  quantities  in  Eqs.  (21)  and  (30)  are  given  in  Eqs.  (4),  (5),  (12),  and  (13).  It  can 
be  shown  that  this  meshing  condition  will  occur  if  the  gear  tooth  proportions  satisfy  the 
equality 


where 


Tt  +  nRc 


(02A 


2P, 


02  A 


It., 


2/1 


‘6  2/1 


02 A  ”  2/1  “  ^2/1*  S  ln  W 


Tt  =  tooth  thickness  at  the  tip  of  both  gear  2/1  and  gear  ip, 
Pc  =  circular  pitch, 


(32) 
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#3  ^  =  nominal  pitch  diameter  of  gear  2,4. 

Only  a  few  of  the  possible  gear  combinations  exactly  satisfy  this  criterion;  a  much 
larger  proportion  come  fairly  close.  Thus  the  estimate  of  required  driving  torque  ob¬ 
tained  by  using  the  maximum  described  will  usually  be  conservative. 


Application  to  Design  Calculation 

Given  the  output  torque  Ta  for  any  four-square  gear  train,  a  conservative  estimate 
of  the  required  Input  torque  is  obtained  by  assuming  that  the  train  can  pass  through  the 
maximum  value  for  the  case  of  both  meshes  in  approach  action.  The  input  or  drive  torque 
can  then  be  calculated  by  Eqs.  (20),  (21),  and  (22),  using  the  values  for  the  lever  arms  as 
given  by  Eqs.  (4)  and  (5).  The  possibility  of  this  occurrence  depends  up'-n  the  timing  be¬ 
tween  the  gears  in  plane  A  and  those  in  plane  B.  If  this  timing  is  not  specified  in  a  split 
train,  it  would  be  necessary  for  a  conservative  design  to  assume  that  this  maximum  can 
occur. 

If,  however,  the  four- square  gear  train  under  consideration  takes  the  specific  form 
of  a  set  of  spring-loaded  split  gears,  then,  as  noted  earlier,  pinion  IB  is  merely  an  ex¬ 
tension  of  pinion  1.4.  For  such  an  arrangement,  the  maximum  possible  drive  torque  is 
the  maximum  given  for  the  case  of  mesh  .4  in  approach  action  and  mesh  b  in  recess  ac¬ 
tion  by  using  in  Eq.  (29)  the  values  for  the  lever  arms  given  in  Eqs.  (4),  (5),  (12),  and 
(13).  This  maximum  could  not  actually  occur  unless  the  design  happened  to  satisfy  Eq. 
(32).  For  nearly  all  design  applications,  however,  the  conservative  answer  given  would 
have  accuracy  consistent  with  the  other  design  parameters. 

A  designer  might  have  a  real  need  to  minimize  friction  in  a  four-square  gear  train. 
The  present  study  does  not  give  a  systematic  solution  to  such  a  problem.  The  previous 
section,  however,  makes  it  evident  that  maximum  starting  friction  conditions  can  be 
avoided,  other  things  being  equal,  by  avoiding  designs  which  make  it  possible  for  the  two 
meshes  to  simultaneously  begin  approach  action  or  for  one  mesh  to  begin  approach  ac¬ 
tion  while  the  other  mesh  terminates  recess  action  (Eq.  (32)).  Tooth  numbers  and  other 
parameters  can  be  chosen  so  as  to  approach  a  minimum  condition,  using  the  relations 
given  for  guidance  and  for  verification  of  choice. 

A  review  of  the  extensive  literature  on  friction  coefficients  is  beyond  the  scope  of 
this  report.  Note,  however,  that  values  of  f  used  to  obtain  starting  torque  should  be 
higher  than  those  given  in  the  literature  for  well-lubricated  gearing.  Lubrication  will  be 
boundary  type,  at  best,  since  the  steady  bias  torque  has  time  to  squeeze  out  the  lubricant 
when  the  gear  train  is  stationary.  If  better  data  are  not  available,  a  conservative  value 
of  f  =  0.2  is  suggested  for  free-running  instrument  gear  trains  with  grease  lubrication. 
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in  the  literature  usually  gives  low  values  for  starting  torque  requirements. 

The  second  part  of  the  study  extends  the  equations  to  a  four-square  gear 
train  as  representative  of  preloaded  split  gear  trains,  where  friction  losses  are 
relatively  greater  than  in  simple  trains.  It  is  demonstrated  that  the  maximum 
possible  friction  loss  for  a  given  four-square  gear  train  would  occur  when  and 
if  the  two  gear  meshes  simultaneously  begin  approach  action.  It  is  also  demon¬ 
strated  that  the  friction  loss  for  a  gear  train  using  spring-loaded  split  gears 
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proach  action  while  the  other  mesh  terminates  recess  action. 


Security  Classification 


P 


3 


i 


14. 

KEY  WORDS 

j  LINK  A  | 

!  LINK  B  j 

LINK  C 

ROLE 

WT 

ROLE 

v»T 

ROLE 

WT 

Gears 

Analysis 

Friction 

Drives 

Torque 

Loading  (mechanics) 

Moments 

Rotation 

Instrumentation 

Servomechanisms 

Data  transmission  systems 

Four-square  gear  train 

INSTRUCTIONS 


!•  ORIGINATING  ACTIVITY.  Enter  the  name  and  address 
of  the  contractor,  subcontractor,  grantee,  Department  of  De¬ 
fense  activity  or  other  organization  (corporate  author)  issuing 
the  report. 

2a.  REPORT  SECUF5TY  CLASSIFICATION:  Enter  the  over¬ 
all  security  classification  of  the  report.  Indicate  whether 
"Restricted  Data"  is  included.  Marking  is  to  be  in  accord¬ 
ance  with  appropriate  security  regulations. 

2b.  GROUP:  Automatic  downgrading  is  specified  in  DoD  Di¬ 
rective  5200. 10  and  Armed  Forces  Industrial  Manual.  Enter 
the  group  number.  Also,  when  applicable,  show  that  optional 
markings  have  been  used  for  Group  3  and  Group  4  as  author¬ 
ized. 

3.  REPORT  TITLE:  Enter  the  complete  report  title  in  all 
capital  letters.  Titles  in  all  cases  should  be  unclassified. 

If  a  meaningful  title  cannot  be  selected  without  classifica¬ 
tion.  show  title  classification  in  all  capitals  in  parenthesis 
immediately  following  the  title. 

4.  DESCRIPTIVE  NOTES:  If  appropriate,  enter  the  type  of 
report,  e.g.,  interim,  progress,  summary,  annual,  or  final. 

Give  the  inclusive  dates  when  a  specific  reporting  period  is 
covered. 

5.  AUTHOR(S):  Enter  the  name(s)  of  authors)  as  shown  or. 
or  in  the  report.  Entei  last  name,  first  name,  middle  initial. 

If  military,  show  rank  and  branch  of  service.  The  name  of 
the  principal  author  is  an  absolute  minimum  requirement. 

6.  REPORT  DATE.  Enter  the  date  of  the  report  as  day, 
month,  year;  or  month,  year.  If  more  than  one  date  appears 
on  the  report,  use  date  of  publication. 

7a.  TOTAL  NUMBER  OF  PAGES:  The  total  page  count 
should  follow  normal  pagination  procedures,  i. e. ,  enter  the 
number  of  pages  containing  information. 

7b.  NUMBER  OF  REFERENCES:  Enter  the  total  number  of 
references  cited  in  the  report. 

8a.  CONTRACT  OR  GRANT  NUMBER.  If  appropriate,  enter 
the  applicable  number  of  the  contract  or  grant  under  which 
the  report  was  wnttea 

8b,  8c,  8c  8d.  PROJECT  NUMBER:  Enter  the  appropriate 
military  department  identification,  such  as  project  number, 
subproject  number,  system  numbers,  task  number,  etc. 

9e.  ORIGINATOR’S  REPORT  NUMBERS)  Enter  the  offi¬ 
cial  report  number  by  which  the  document  will  be  identified 
and  controlled  by  the  originating  activity.  This  number  must 
be  unique  to  this  report. 

9b.  OTHER  REPORT  NUMBERfS):  If  the  report  has  been 
assigned  any  other  report  numbers  (either  by  the  originator 
or  by  the  sponsor),  also  enter  this  number(s). 

10.  AVAILABILITY/LIMITATION  NOTICES:  Enter  any  lim¬ 
itations  on  further  dissemination  of  the  report,  other  than  those 


imposed  by  security  classification,  using  standard  statements 
such  as: 

(1)  "Qualified  requesters  may  obtain  copies  of  this 
report  from  DDC.” 

(2)  "Foreign  announcement  and  dissemination  of  this 
report  by  DDC  is  not  authorized.” 

(3)  “U.  S.  Government  agencies  may  obtain  copies  of 
this  report  directly  from  DDC.  Other  qualified  DDC 
users  shall  request  through 

a 


(4)  "U.  S.  military  agencies  may  obtain  copies  of  this 

report  directly  from  DDC  Other  qualified  users 
shall  request  through 

1 1 


(5)  “All  distribution  of  this  report  is  controlled.  Qual¬ 
ified  DDC  users  shall  request  through 

»» 


If  the  report  has  been  furnished  to  the  Office  of  Technical 
Services,  Department  of  Commerce,  for  sale  to  the  public,  indi¬ 
cate  this  fact  and  enter  the  price,  if  known. 

11.  SUPPLEMENTARY  NOTES:  Use  for  additional  explana¬ 
tory  notes. 

12.  SPONSORING  MILITARY  ACTIVITY:  Enter  the  name  of 
the  departmental  project  office  or  laboratory  sponsoring  (pay¬ 
ing  (or)  the  research  and  development.  Include  address. 

13.  ABSTRACT:  Enter  an  abstract  giving  a  brief  and  factual 
summary  of  the  document  indicative  of  the  report,  even  though 
it  may  also  appear  elsewhere  in  the  body  of  the  technical  re¬ 
port.  If  additional  space  is  required,  a  continuation  sheet  shall 
be  attached. 

It  is  highly  desirable  that  the  abstract  of  classified  reports 
be  unclassified.  Each  paragraph  of  the  abstract  shall  end  with 
an  indication  of  the  military  security  classification  of  the  in 
formation  in  the  paragraph,  represented  as  (TS>.  ($)  (C).  or  (V) 

There  is  no  limitation  on  the  length  of  the  abstract.  How¬ 
ever,  the  suggested  length  is  from  150  to  225  words. 

14.  KEY  WORDS:  Key  words  are  technically  meaningful  terms 
or  short  phrases  that  characterize  a  report  and  may  be  used  as 
index  entries  for  cataloging  the  report  Key  words  must  be 
selected  so  that  no  security  classification  is  required.  Identi 
fiers,  such  us  equipment  model  designation,  trade  name,  military 
project  code  name,  geographic  location,  may  be  used  as  key 
words  but  will  be  followed  by  an  indication  of  technical  con 
text.  The  assignment  of  links,  roles,  and  weights  is  optionol 


14  _ 

Security  Classification 


-’1 


